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Abstract Lexicase selection is a selection method for evolutionary computation in
which individuals are selected by filtering the population according to performance
on test cases, considered in random order. When used as the parent selection method
in genetic programming, lexicase selection has been shown to provide significant
improvements in problem-solving power. In this chapter we investigate the reasons
for the success of lexicase selection, focusing on measures of population diversity.
We present data from eight program synthesis problems and compare lexicase se-
lection to tournament selection and selection based on implicit fitness sharing. We
conclude that lexicase selection does indeed produce more diverse populations, and
that this helps to explain the utility of lexicase selection for program synthesis.

Key words: Lexicase selection, diversity, tournament selection, implicit fitness
sharing.

1 Introduction

Lexicase selection is a recently developed selection method for evolutionary compu-
tation in which individuals are selected by filtering the population according to per-
formance on individual fitness cases, considered in random order (Spector (2012)).
Lexicase selection, when used as the parent selection method in genetic program-
ming, has been shown to provide significant improvements in terms of problem-
solving power (Helmuth et al (2014); Helmuth and Spector (2015)). In this chapter
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Algorithm 1 Psuedocode for the lexicase selection algorithm, for the context in
which the goal for all test cases is to minimize error.

candidates := the entire population
cases := list of all the test cases in a random order
while [candidates| > 1 and |cases| > 0 do
current, cases = first(cases), rest(cases)
best_performance := min{perf(i,current) | i € candidates}
candidates :={i|i € candidates A perf(i,current) =best_performance}
end while
return random individual from candidates

we investigate the reasons for the success of lexicase selection, focusing in particular
on the ways in which lexicase selection seems to help maintain population diversity.
We present data from eight program synthesis problems and compare lexicase se-
lection, in terms of problem solving power and diversity, to tournament selection
and selection based on implicit fitness sharing (IFS); IFS distributes reward among
the individuals that solve a test case, giving more reward for cases solved by fewer
(McKay (2000); for more detail see Helmuth et al (2014)).

For each parent selection event lexicase selection (Algorithm 1) randomly orders
the test cases and then removes any individuals that do not have the best performance
on the first case. If more than one individual remains then those that do not have the
best performance on the second case are also removed. This continues until only
one individual remains and is selected, or until all cases have been used, in which
case a random one one of the remaining individuals is selected. Key properties of
lexicase selection are that (a) it avoids combining all errors into a single value, (b)
because of the random ordering of test cases, every test case will be most important
(first to be considered) at least occasionally, and (c¢) similarly, each pair of test cases,
and each triple, etc., will be most important at least occasionally.

We investigate the relations between selection methods and population diver-
sity using two measures of diversity: error diversity and cluster counts. We find
that lexicase selection runs have consistently higher error diversity than tournament
selection and IFS across all generations and all problems. The cluster counts for
lexicase selection are also generally higher, but less consistently. We conclude that
lexicase selection does indeed produce more diverse populations, and that this helps
to explain the utility of lexicase selection for program synthesis.

2 Diversity Measures

When a program is evaluated, it is tested on a set of test cases composed of in-
put/output pairs. Then, one or more error functions are applied to the desired output
and the program’s output, creating an error vector for each individual. We define
error diversity to be the percentage of distinct error vectors in the population.
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Error diversity is similar to behavioral diversity, which is the percentage of dis-
tinct behavior vectors in the population (Jackson, 2010). Here, the behavior of a
program is the vector of outputs a program produces when run on the vector of
inputs. Error diversity for a population will be less than or equal to its behavioral
diversity, since two different behavior vectors may produce the same error vector,
but two different error vectors must come from different behavior vectors. Helmuth
et al (2014) showed that in sets of runs in which lexicase selection achieved higher
success rates, it also maintained higher error diversity. Here, we explore whether
similar effects are seen in error diversity across other problems.

One hypothesis regarding the improved performance of lexicase selection is that
it enables a population to develop groups of individuals that evolve side-by-side, im-
plicitly maintaining the kind of niches that are maintained more explicitly by island
models and related methods. These groups would specialize in solving specific parts
of the problem. We expect that evolution may sometimes progress when individu-
als from different groups mate, producing a child that combines the abilities of its
parents. The hope is that this process, iterated, will eventually produce an individual
that solves the entire problem. With this scenario in mind, we explore the effects
of different parent selection methods on the development of clusters of individuals
that perform similarly across the test cases. We expect that using lexicase selection
will result in relatively larger numbers of clusters, since it selects individuals on the
basis of specific cases and groups of cases, rather than on overall performance.

To examine this idea, we must be able to measure the clustering of a population
with respect to the training cases. We base the clustering of the population on the
individuals’ error vectors across the training cases. Krawiec and Liskowski (2015)
use a similar approach, except that they cluster the test cases into some number of
search objectives based on the individuals, whereas we cluster the individuals into
groups based on the test cases.

Since we are primarily interested in whether an individual performs at least as
well as every other individual in the population, we convert the error vectors into
binary “elitized” error vectors that indicate whether an individual achieved the best
error on each test case in that generation. More formally, if each individual j in the
population P has error vector error; containing error values on the test cases T, then
the elitized error vector for individual i is defined by

0, if error;[t] = min(error[t])
elitized;[t] = Jjep !
1, otherwise

for t € T. By elitizing the error vectors, we can ignore the differences between
individuals that perform poorly on cases in different ways, and concentrate on how
individuals cluster based on the cases on which they perform well.

In this work we use agglomerative clustering! to count how many clusters there
are in the population at each generation. Agglomerative clustering creates a hierar-

! We used the agnes (Maechler et al, 2014) implementation of agglomerative clustering in R (R
Core Team, 2014), using the average linkage when combining clusters.
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chical clustering model by first placing each individual into its own cluster. It then
iteratively combines the two closest clusters into a single cluster, until all clusters
have been combined into a single cluster, recording at each step the distance be-
tween the clusters in each merged pair. We can then break the single cluster into
smaller clusters by “cutting” the merge between any two clusters whose distance
exceeds some threshold. Since we are using binary error vectors, we can use the
Manhattan distance as our distance metric, which makes the distance between two
error vectors a count of how many test cases on which those two individuals have
different “eliteness” results. We chose to count the number of clusters that differed
on at least 10% of the training cases; for example, if a problem has 200 training
cases, we counted the number of clusters that differed in binary elitness on at least
20 training cases. While this distance is somewhat arbitrary, it gives a reasonable
and consistent estimate of how many groups of individuals are doing significantly
different things in a given generation.

3 Experiment and Results

We collected data from 100 runs each on 8 different problems described in Hel-
muth and Spector (2015). All of these are basic programming problems taken from
introductory programming texts; several are readily solved, while others remain un-
solved using this study’s tools. Table 1 lists the problems, a brief description, and
the length of the error vectors?; other details of the runs can be found in Helmuth
and Spector (2015). In Table 2 we’ve also provided the number of successes, i.e.,
runs in which a program was evolved with total error of 0 across all the training
cases. Success rates aren’t the focus of this chapter, but those numbers give a sense
of the relative difficulty of the problems and illustrate the substantial improvements
that lexicase selection provides over both tournament selection and IFS.

We used the Clojush implementation® of the PushGP system (Spector and Robin-
son, 2002; Spector et al, 2005) for all runs. Each run used a population size of 1,000
individuals, and runs continued for either 300 generations or a until solution was
found, whichever came first.

Figures 1-16 show error diversity and cluster counts over time for each of the test
problems. Below each plot is a smaller sub-plot showing the number of successes
over time for each selection; since runs end when a solution is found, the successes
plot gives a sense of how many runs are still being represented in the primary plot
at a given generation. In Figure 1, for example, the number of lexicase successes
is nearly 25 by generation 50, and nearly 50 by generation 150. Thus there are
slightly more than 75 data points still represented in the lexicase data at generation

2 For some of these problems, each test case generates multiple error values because more than
one error function is being applied. Several problem specifications require both returning a value
and printing an output string; there are then two entries in the error vector, one for the error in the
returned value and one for the error of the printed output.

3 https://github.com/Ispector/Clojush
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Table 1 Short descriptions of the 8 test problems used here, along with the number of errors in
each error vector. See Helmuth and Spector (2015) for more details on each problem.

Problem name Description # errors

Replace Space With Newline Print the input string, replacing spaces with newlines. Also, 200
return the number of non-whitespace characters.

Syllables Count the number of occurrences of vowels (a, €, i, o, u, 200
y) in the given string and print that number as X in The
number of syllables is X.

String Lengths Backwards ~ Given a vector of strings, print the length of each string in 100
reverse order (starting with last and ending with first).

Negative To Zero Given a vector of integers, return the vector where all neg- 200
ative integers have been replaced by 0.
Double Letters Given a string, print the string, doubling every letter 100

character, and tripling every exclamation point. All other
non-alphabetic and non-exclamation characters should be
printed a single time each.

Scrabble Score Given a string of visible ASCII characters, return the 200
Scrabble score for that string.
Checksum Given a string, compute the integer ASCII values of the 200

characters in the string, sum them, take the sum modulo
64, add the integer value of the space character, and then
convert that integer back into its corresponding character
(the checksum character). Then print Check sum is X,
where X is replaced by the correct checksum character.
Count Odds Return the number of odd numbers in a vector of integers. 200

Table 2 Number of successes (out of 100 runs) for each of the 8 test problems used here for
each tested selection mechanism. These numbers are similar but not identical to those reported in
Helmuth and Spector (2015) because new runs were performed for this chapter.

Problem name Lexicase Tournament IFS
Replace Space With Newline 57 13 17
Syllables 24 1 2
String Lengths Backwards 75 18 12
Negative To Zero 72 15 9
Double Letters 5 0 O
Scrabble Score 0 0 0
Checksum 0 0 O
Count Odds 4 0 0

50, but only about 50 data points represented from generations 150 to 300. Each plot
includes a line indicating the median error diversity or median cluster count across
whichever of the 100 runs was still running at that generation. We also indicate the
range from the 25" percentile to the 75" percentile with a gray band around the
median line; unfortunately the tournament and IFS results are often very similar and
strongly overlap, making them difficult to differentiate.

In general the error diversity numbers for lexicase selection are substantially and
significantly higher than those for either tournament selection or IFS, which tend to
be extremely similar. The String Lengths Backwards problem was the only problem
for which there was any substantial overlap between the range of values for lexicase
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and the other two selection mechanisms (see Figure 5). Typically the lexicase error
diversity rises very sharply in the early generations leveling off somewhere between
0.75 and 1.0, meaning that % or more of the individuals in the lexicase runs have
unique error vectors. This is in contrast to the tournament selection and IFS results,
in which the median error diversity values rarely rise above 0.5; the two exceptions
are on the Scrabble Score and Count Odds problems (Figures 11 and 15), which
neither ever solved, where the error diversity values approach or exceed 0.75.

The cluster count results are more mixed. Lexicase selection has clearly higher
cluster counts for half of the problems (Replace Space With Newline, Syllables,
Scrabble Score, and Count Odds; Figures 2, 4, 12 and 16). It also starts with much
higher counts on the Double Letters problem (Figure 10), but those numbers drop
again quickly, matching the other two approaches by around generation 100. On
the Negative To Zero problem (Figure 8), the lexicase cluster counts remain small
(about the same as for both tournament and IFS) throughout the runs. Particularly
striking are lexicase cluster counts for String Lengths Backwards and Checksum,
where the number of clusters with lexicase selection are actually lower earlier in the
run. The number of clusters with Checksum remains low throughout (Figure 14),
while the number of String Lengths Backwards clusters climbs to roughly the same
values as tournament selection and IFS by around generation 150 (Figure 6).

4 Discussion

As in Helmuth and Spector (2015), lexicase selection produced more successes than
either tournament selection or IFS on any problem in which a solution was found.
The error diversity for the lexicase runs was much higher than for tournament and
IFS for most problems, which is consistent with the hypothesis that lexicase selec-
tion helps maintain diversity. The lexicase error diversity values tended to plateau
at or above (.75, meaning that in a population of 1,000 individuals there were over
750 distinct error vectors. This doesn’t mean that different individuals were solv-
ing different test cases; it could just be that many had different incorrect answers
and error values. From a search perspective, though, this still seems useful, as those
different error values may represent different starting points for subsequent search.

As mentioned in Section 3, for four of the eight problems, the cluster counts were
also much higher for lexicase than for the other two selection mechanisms. For some
of these problems (e.g., Count Odds) there are over 100 clusters, and for Syllables
the median cluster count is over 400 from generation 100 forward. This means that
there are hundreds of groups of individuals in these runs that differ from one another,
in terms of eliteness, on at least 10% of the test cases. For Count Odds, with 200
test cases, there are consistently over 100 clusters, where each pair of clusters has
different elitized values for at least 20 test cases. This suggests that lexicase selection
is maintaining large numbers of sub-groups of the population that are capable of
solving different parts of the problem. If solutions aren’t being discovered then that
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might indicate that the genetic operators aren’t able to act on the structure of the
programs in those sub-populations in ways that allow progress.

Interpretation of the cluster count results on the other four problems is more
difficult. Analysis of the lexicase Checksum runs suggests that the lack of clustering
might be a function of structural issues with the test cases; there are 100 test cases,
with two error functions per test case: the Levenshtein edit distance on the printed
string, and the difference between the last character of the printed string and the
correct checksum character. It appears that populations quickly evolve the ability to
print Check sum is, but then stall, with each program essentially producing a
different set of random answers to the question of what the checksum actually is.
This allows for fairly high error diversity (over 0.75), but any given program tends to
get at most two or three test cases right by guessing. This means that the manhattan
distance between any two elitized error vectors is typically only 5 or 6 at most, shy
of the 10% threshold of 20 for this problem. Hence there are typically only one or
two clusters. A new set of test cases, possibly containing more cases that require
only the basic checksum calculation on a single character, might allow evolution to
first stumble upon and then exploit code that produces actual checksums.

On problems for which solutions were discovered, lexicase selection runs found
solutions throughout the 300 generations. This, combined with the high levels of er-
ror diversity and the often high number of clusters, gives one hope that meaningful
search can still occur late in a lexicase selection run. The plots of successes over
time under the primary plots typically appear to have positive slope even at genera-
tion 300, so it would be interesting to extend these runs to 500 or 1,000 generations
and see how many additional solutions are discovered. If lexicase selection is indeed
maintaining a meaningful pool of diversity then we would expect to see continued
discovery of solutions, at a higher rate than for either tournament selection or IFS.
This might be particularly interesting for problems for which solution discovery is
rare but possible, such as Double Letters and Count Odds, which are solved using
lexicase selection 5 and 3 times respectively, but not at all using tournament selec-
tion or IFS. Solutions for these two problems tended to be discovered later in the
run (Double Letters in generations 109, 122, 192, 275, and 291; Count Odds in 65,
233, 279), so letting runs on those problems go longer might be revealing.

On the set of problems explored here, error diversity seems to be a better predic-
tor of performance than cluster counts. In fact, on two of the problems for which
solutions were found in over half the runs (String Lengths Backwards and Negative
To Zero), lexicase selection maintained very small numbers of clusters, similar to
tournament and IFS. On the other hand, lexicase selection consistently maintained
higher diversity than other methods, and found more solutions on every problem
that was solved. This may indicate that the ability to form clusters on a problem is
more indicative of the problem itself than the parent selection method and its ability
to solve the problem. This provides evidence against our hypothesis that lexicase
performs better because it maintains clusters of individuals that genetic operators
combine to solve increasingly large numbers of test cases.
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5 Conclusions

In this chapter we used two different measures of diversity (error diversity and clus-
ter counts) to try to better understand the impact of lexicase selection, and why
it seems to consistently outperform tournament selection and implicit fitness shar-
ing (IFS) on a range of software synthesis problems Helmuth and Spector (2015).
The error diversity was generally much higher for lexicase selection than for either
tournament selection or IFS, with lexicase selection maintaining a broad range of
distinct behaviors. Cluster counts were typically higher with lexicase selection, and
the instances in which they weren’t may say more about the problem or test case
structure than about the selection mechanism. This suggests that error diversity is
indeed a valuable metric for studying the impact of system design decisions. The
value of cluster counts is less clear, but it seems likely that understanding why the
cluster counts were so low on certain problems could be informative.

Given that the lexicase selection runs maintain error diversity all across the 300
generations, it seems plausible that extending the length of the runs would generate
additional solutions. It would be illuminating to extend these runs to 500 or 1,000
generations and see whether lexicase selection is able to make “better” use of those
additional computational resources.

While the focus of this chapter was to better understand the behavior of lexicase
selection, the results also show that tournament selection and IFS behave very sim-
ilarly with respect to the diversity measures used here. This is unfortunate because
IFS was specifically designed to maintain diversity. It is not clear why the IFS di-
versity figures weren’t higher, but both tournament selection and IFS aggregate test
case errors into a single value, with IFS just weighting the components differently.
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