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The result was patented as an invention in the past is an improvement over a patented invention or would qualify today as a patentable new 
invention.

The result is equal to or better than a result that was accepted as a new scientific result at the time when it was published in a peer-reviewed scientific 
journal.

The result is equal to or better than a result that was placed into a database or archive of results maintained by an internationally recognized 
panel of scientific experts.

The result is publishable in its own right as a new scientific result independent of the fact that the result was mechanically created.

The result is equal to or better than the most recent human-created solution to a long-
standing problem for which there has been a succession of increasingly better human-created solutions.

The result is equal to or better than a result that was considered an achievement in its field at the time it was first discovered.

The result solves a problem of indisputable difficulty in its field.

The result holds its own or wins a regulated competition involving human contestants (in the 
form of either live human players or human-written computer programs).
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ABSTRACT
We describe the application of genetic programming (GP)
to a problem in pure mathematics, in the study of finite al-
gebras. We document the production of human-competitive
results in the discovery of particular algebraic terms, namely
discriminator, Pixley, majority and Mal’cev terms, showing
that GP can exceed the performance of every prior method
of finding these terms in either time or size by several or-
ders of magnitude. Our terms were produced using the ECJ
and PushGP genetic programming systems in configurations
that included alternative code generators, asynchronous is-
lands, trivial geography, parsimony-based selection, alpha-
inverted selection pressure, and fitness case challenges. We
conclude with a discussion of the prospects for further ap-
plications of the presented methods.

Categories and Subject Descriptors
I.2.2 [Artificial Intelligence]: Automatic Programming—
program synthesis; I.1.2 [Symbolic and Algebraic Ma-
nipulation]: Algorithms—algebraic algorithms

General Terms
Algorithms, Experimentation, Performance

Keywords
ECJ, genetic programming, finite algebras, PushGP

1. INTRODUCTION
Genetic programming (GP) has the potential for applica-

tion to many areas of mathematics. In particular, any area
in which open questions can be resolved by discovering rela-
tively small equations, terms, or finite structures is a promis-
ing area for the application of GP. For some such questions
the very existence of a constraint-satisfying equation, term
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or structure may settle the issue under study, while for oth-
ers the specific properties of discovered solutions may have
additional implications or provide additional insights.

In this paper we present initial but promising results from
the application of GP to an area of pure mathematics, the
study of finite algebras. While the idea for application in
this general area has been raised in the literature [?], we are
not aware of significant prior results. We document here the
discovery of particular algebraic terms that have both theo-
retical significance and quantifiable di⇤culty, and we argue
that the results we have achieved are human-competitive
according to widely promulgated criteria.

In the following section we briefly describe the relevant
mathematical context and the specific problems solved. In
Section ?? we describe the GP techniques that we used to
produce our results, which are themselves presented in Sec-
tion ??. In Section ?? we discuss the significance of these
results, including our claims of human-competitive perfor-
mance, and in Section ?? we summarize our findings and
discuss prospects for further applications of the presented
methods.

2. FINITE ALGEBRAS
For the sake of this paper, and within the over-arching

area of mathematics known as universal algebra, an algebra
A := ⌥A, F � consists of an underlying set A and an asso-
ciated collection F of operations f : Ar � A on A. The
natural number r is called the arity of the operation f . Uni-
versal algebra is a significant branch of mathematics with a
long history (for example see [?], [?], [?]), important sub-
disciplines such as group theory [?], and applications to sev-
eral areas of science and engineering.

We use the term finite algebra to refer to an algebra in
which the underlying set is finite. The finite algebra most
familiar to most computer scientists is the ordinary two-
element Boolean algebra, B := ⌥{0, 1},⇤,⌅,¬�, in which
the underlying set is {0, 1} and the associated operations
are the Boolean operators AND (⇤), OR (⌅) and NOT (¬).
These operations can be defined by tables:

⇥ 0 1
0 0 0
1 0 1

⇤ 0 1
0 0 1
1 1 1

¬
0 1
1 0

A well-known and convenient feature of Boolean alge-
bra is the fact that this small set of operations is su⇤cient

((((((((x∗(y∗x))∗x)∗z)∗(z∗x))∗((x∗(z∗(x∗(z∗y))))∗z))∗ 
z)∗z)∗(z∗((((x∗(((z∗z)∗x)∗(z∗x)))∗x)∗y)∗(((y∗(z∗(z∗ 
y)))∗(((y∗y)∗x)∗z))∗(x∗(((z∗z)∗x)∗(z∗(x∗(z∗y)))))))))
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Software Synthesis

• 29 benchmark problems taken from intro CS 
textbooks 

• Require multiple data types and control structures 

• Driven by software tests, input/output pairs 

• Used for studies of program synthesis, by us and 
by others







Kannappan, K., L. Spector, M. Sipper, T. Helmuth, W. La Cava, J. Wisdom, and O. Bernstein. 2015. Analyzing 
a decade of Human-competitive ("HUMIE") winners -- what can we learn? In Genetic Programming Theory 
and Practice XII. New York: Springer.



Evolution, the Designer

“Darwinian evolution is itself a designer worthy of 
significant respect, if not religious devotion.” 



What it is Not Good For

• Quite a lot 

• It is solving "problems beyond the reach of other 
forms of AI" 

• But also not solving problems within the reach of 
other forms of AI
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Parent Selection

• Traditionally based on overall scores 

• Roulette wheels or tournaments 

• Unbalanced, qualitatively diverse test sets





Biological Selection

• Survive challenges that you happen to face 

• Until you can reproduce 

• Each challenge may be competitive



Lexicase Selection
• Don't use overall scores 

• To select single parent: 
1. Shuffle test cases 
2. First test case – keep best* individuals 
3. Repeat with next test case, etc.  

Until one individual remains 

• Selected parent may be specialist, not great on 
average, but lead to generalists later





Diversity

GPTP-2015



Why Does it Work?

• Prior results: Diversity alone is not the answer 

• Hypothesis: Selecting specialists is important 

• Test by only allowing programs with good overall 
scores (good non-specialists) to be selected 

• Degraded performance would suggest that 
specialists are important



Specialists Help



General Lessons?

In what ways might specialists be important in: 

• Other forms of machine learning? 

• Biological evolution? 

• Engineering teams? 

• Educational communities?



Outline

• What is evolutionary computation? 

• What can it do? 

• Improving it 

✴ Connections



Connections
• Machine learning 

• Software engineering 

• Programming languages 

• Theory  

• Evolutionary biology 

• Applications
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Takeaways

• Many EvoBio/CompSci intersections 

• Evolutionary algorithms use variation and selection to 
solve hard, interesting, and important problems 

• Ample opportunities for improvement and application  

• Specialists appear to be important



Thank you!



Questions?


